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Abstrat
We explore some of the gravitational features of a uniform in-
nitesimal ring both in the Newtonian potential theory and in Gen-
eral Relativity. We use a spaetime assoiated to a Weyl stati so-
lution of the vauum Einstein's equations with ring like singularity.
The Newtonian motion for a test partile in the gravitational eld
of the ring is studied and ompared with the orresponding geodesi
motion in the given spaetime. We have found a relativisti peuliar
attration: free falling partile geodesis are lead to the inner rim
but never hit the ring.
PACS numbers: 02.40.-k, 04.20.-q, 04.20.Jb, 04.40.-b, 04.25.-g
1 Introdution
The astrophysial and elementary partile physis importane of ring like on-
gurations is evident: there are several ring like strutures as for example in
galaxies [1℄ and planets; and the lowest energy state of a losed string is a ring.
However, there are only few solutions of the Einstein's eld equation that rep-
resent the gravitational eld of a ring. With somehow onstrained hypothesis
of stati onguration we mention the Weyl-Bah solution whih is the general
relativisti analog of a Newtonian ring of onstant density [2℄, given in terms of
ellipti funtions. The ring is not a simple line soure [3℄ as it will be lear from
the strange eet they have on the partile motion. The solution is asymptoti-
ally at but the outer ommuniation region is not simply onneted.
We should mention several studies of self-gravitating Newtonian rotating
rings. The rotation is of primordial importane to the ring's stability (and
∗
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instabilities as well) but it has no eet on the Newtonian potential and even in
General Relativity its (magneti part of the urvature) ontribution to geodesis
is usually weaker than the sole stati (eletri part of the urvature) one.
The purpose of this paper is to study some properties of the stati ring solu-
tion due to Weyl-Bah [2℄ using geodesis. In partiular we shall be interested
in the attrative or apparent repulsive harater of the ring singularity as well as
its diretional feature. Stati axially symmetri solutions of the Einstein's equa-
tions usually are haraterized by the presene of string like singularities (oni
singularities) and its higher dimensions generalizations [6℄. In some ases, these
singularities arise as supporting devies of an otherwise dynamial onguration
of masses.
The ring has a dierent attration at its rim. Free falling partiles are led
to the inside part of the Weyl-Bah ring. This might be linked to the dierent
tension needed to keep the ring stati. Besides that the Weyl oordinates usually
ompat singularities and event horizon into a lower dimensional region so that
the physial distanes are not so evident. Of ourse the ring is blak sine the
lapse funtion vanishes at the ring and the spaetime is stati. But the urvature
invariants diverge there as well.
In Set. 2 we present the equations to be solved. In subset. 2.1 we present
a summary of the main expressions assoiated with the stati axially symmetri
spaetimes solutions of the Einstein's eld equations and the geodesi equations
for test partiles evolving in these spaetimes. Then, subset. 2.2 shows the
assoiated Newtonian equation of motion for omparison. At last, expeted
behavior for axial and plane motions is given in subset. 2.3.
Next in Set. 3 we show the potential assoiated to the ring. We paid speial
attention to the motion of test partiles: The Newtonian motion (setion 4) and
geodesi motion (setion 5) in the spaetimes assoiated to the Weyl solution
are onsidered. Most of the motion is not trivial.
We think it is important to understand the eet of the ring itself on the
partile motion to appreiate the more omplex ongurations in whih a ring
is just part.
2 The Dynamial System of Equations
Let us x our oordinate system with axial symmetry: let r ≥ 0 be the oordi-
nate away from the axis and z ∈ R the oordinate along the axis. The dynamial
system evolves with either a time oordinate or a proper time. In any ase a
urve in the half-plane r− z will be parametrized by a time parameter and its
oordinate rate of hange denoted by r˙, z˙ and so on.
The dynamial system of equations will ome either from the geodesi equa-
tions in a spaetime or from Newton equations of motion of a test partile in
gravitational potential. We assume that both the spaetime and the potential
are stati and axisymmetri. So our dynamial system depends either on metri
funtions for geodesis or on the gravitational potential for Newtonian motion.
Next we present the expliit equations to be solved.
2
2.1 Geodesis in Weyl Solutions
The stati spaetime of an axially symmetri body an be desribed by the Weyl
metri
ds2 = e2φ dt2 − e−2φ [e2γ (dr2 + dz2)+ r2 dϕ2] (1)
where the funtions φ and γ depend only on r and z; the ranges of the oordi-
nates (r, z, ϕ) are the usual for ylindrial oordinates and t ∈ R. The vauum
Einstein's equations (Rµν = 0) redue to the Laplae equation in ylindrial
oordinates,
φ,rr +
1
r
φ,r + φ,zz = 0 (2)
and the quadrature,
dγ[φ] = r
[(
φ 2,r − φ 2,z
)
dr + 2φ,rφz dz
]
. (3)
If φ satises the Laplae equation (2) then γ is twie dierentiable. The funtion
φ determines the Weyl solution uniquely up to a onstant.
The geodesi equations in Weyl spaetimes have two onstants of motion
assoiated to the yli variables t and ϕ,
E = e2φt˙, L = r2e−2φϕ˙. (4)
Now the overdots mean derivation with respet to the proper time, τ = s. The
other two seond order evolution equations are
r¨ = −(r˙2 − z˙2)(γ,r − φ,r)− 2r˙z˙ (γ,z − φ,z)− P, (5)
z¨ = (r˙2 − z˙2)(γ,z − φ,z)− 2r˙z˙(γ,r − φ,r)− φ,zQ, (6)
where
P = e−2γ
[
φ,rE
2 +
(
φ,r − 1
r
)
e4φ
r2
L2
]
,
Q = e−2γ
[
E2 +
e4φ
r2
L2
]
.
From the onstant of motion gµν x˙
µx˙ν = 1 we nd
F (r, z) ≡ 1 + e
2φ
r2
L2 − E
2
e2φ
= −e2(γ−φ) (r˙2 + z˙2) . (7)
This funtion has some similarity with the Newtonian eetive potential. The
motion is allowed only where F (r, z) ≤ 0.
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2.2 Newtonian Motion in Axisymmetri Potential
In Newtonian gravitation, the motion of a test partile in a eld of fores de-
sribed by an axially symmetri potential φ, solution of Laplae equation, is
haraterized by two onstants of motion: the energy H and the angular mo-
mentum L,
H =
1
2
(
r˙2 + r2ϕ˙2 + z˙2
)
+ φ(r, z),
L = r2ϕ˙, (8)
where the over dots mean derivation with respet to the Newtonian time; and
two seond order dierential equations
r¨ =
L2
r3
− φ,r, z¨ = −φ,z. (9)
From these equations we have the onstant of motion
H =
1
2
(r˙2 + z˙2) + V (r, z),
where V (r, z) is the eetive potential,
V (r, z) =
L2
2r2
+ φ(r, z). (10)
In the Newtonian ase the motion is allowed where V (r, z) ≤ H .
2.3 Axial and Equatorial Motions
It is easy to see that if the problem has both axial and planar symmetry at
z = 0 and no soure exept for the ring, then a test partile with z = 0 = z˙ is
onned in the plane z = 0 sine the partial derivatives of the funtions along
z at z = 0 is zero. The so alled equatorial motion.
There is also an axial motion. A test partile with r = 0 = r˙ has vanishing
angular momentum L = 0 and by hypothesis of axial symmetry and no soure
at the axis, the funtions has vanishing partial derivative along r at r = 0.
Therefore r¨ = 0 and the partile stays on the axis.
Of ourse the origin is an equilibrium point as long as the hypothesis above
are satised.
The general motion of a test partile an be very ompliated for non trivial
funtions. Care must be taken beause the funtions have singularities at the
ring.
3 Ring Potential
The ring we are onerned with uses the funtion φ whih solves the Laplaian
(2) everywhere in the half plane r − z exept for the ring at z = 0, r = a. It is
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Figure 1: Contour plot of the potential φ for a onstant mass density ring with
mass M = 1 and radius a = 1.
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1
the gravitational potential itself for a Newtonian motion or the metri funtion
whih sets the Weyl solution of the spaetime in whih we have to solve the
geodesi motion.
The Weyl-Bah solution has as Newtonian image the usual potential for a
ring of uniform density whih is a solution of Laplae equation. It an be written
as
φ = − 2M
piRa
K
(
2
√
ar
Ra
)
= −M
2pi
∫ 2pi
0
dϕ√
r2 + z2 + a2 − 2ar cosϕ
, (11)
where R2a = (a+ r)
2 + z2 and K(x) is the omplete ellipti integral of the rst
kind for x ∈ [0, 1). The ring is loated on the plane z = 0 and its enter has
oordinates r = z = 0. We shall take from now on M = 1 = a. The ontour
plot of this funtion is depited in Fig. 1.
The evaluation of the ellipti integral as well as its derivatives was made
with an algorithm adapted from the one presented in [12℄. Of speial interest
are the values of φ,r at the axis r = 0 and φ,z at the plane z = 0. Using the
integral representation above (11) we get
lim
r→0
φ,r =
M
2pi
∫ 2pi
0
−a cosϕdϕ
[z2 + a2]
3/2
= 0, ∀z
and
lim
z→0
φ,z =
M
2pi
∫ 2pi
0
lim
z→0
z dϕ
[r2 + z2 + a2 − 2ar cosϕ]3/2
=


0 if r 6= a
−∞ if r → a−
+∞ if r → a+
Thus, the only Newtonian soure for the potential is the ring itself.
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Figure 2: Eetive potential of the ring at z = 0, r = 1, for r ∈ (0, 3) and
z = 0, 12 , 1.
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(a) Case L = Ls/8.
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(b) Case L = Ls/4.
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() Case L = Ls/2.
4 Newtonian Motion
The equilibrium (irular) position of a test partile, if it exists, obeys the
equations r˙ = z˙ = r¨ = z¨ = 0, that is, from the eetive potential (10)
∂rφ =
L2
r3
, ∂zφ = 0.
The planar symmetry implies the position may be in the z = 0 plane. And for
the ring potential ∂zφ > 0 for z 6= 0. Thus the motion is stable about the ring's
plane for appropriate energies.
In the disk inside the ring we have ∂rφ ≤ 0 so an equilibrium point is possible
only for L = 0 at r = 0 but it is not stable sine any amount of angular moment
L will push the partile towards the inner part of the ring.
If there is a veloity in the z diretions, z˙ 6= 0, and for small values of angular
momentum, the test partile moves up and down the disk inside the ring and
for slightly higher angular momenta it may ross in and out of the ring.
For L 6= 0, the entrifugal fore pushes the partiles away from the axis.
Outside the ring but in its plane, there is a lower bound of angular mo-
mentum, let us say Ls, beyond whih there are stable equilibrium motions at
a distane rs > a. Using (10) and a = 1 = M we obtain rs and Ls by setting
∂V/∂r = 0 = ∂2V/∂r2 at z = 0. We nd that Ls = 3.8396 and rs = 1.6095.
We show in Figs. 2a,b, the eetive potential for the ring M = 1 = a, for
dierent values of angular momentum, L = 2−kLs, for k = 3, 2, 1 respetively.
The motion of a test partile initially at rest at r = z = 1 ( L = 0) is study
in Fig. 3.
In Figs. 4a,b we present trajetories with initial onditions r = z = 1,
r˙ = z˙ = 0 and dierent angular momenta, L = 1 and L = 4.5, respetively. The
orbits in these two ases are bounded in a tri-dimensional region of the spae.
6
Figure 3: Trajetory of a free falling partile in the gravitational eld of a ring
of onstant density. The partile initially at rest (L = 0) at (r, z) = (1, 1).
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Figure 4: Trajetory of a free falling partile with initial onditions r = z = 1,
r˙ = z˙ = 0.
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Figure 5: Contour plot of γ for the Weyl-Bah solution assoiated to a ring with
M = 1 = a.
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5 Geodesis in Weyl-Bah Ring
Now for the general relativisti ase we have two potentials, ψ and γ. The
metri funtions for the Weyl-Bah ring are better expressed in toroidal oor-
dinates (η, ξ) ∈ [0,∞)× [0, 2pi) whih are related to the axial oordinates (r, z)
by
r = a
sinh η
cosh η − cos ξ , z = a
sin ξ
cosh η − cos ξ ,
cot ξ =
r2 + z2 − a2
2az
, coth η =
r2 + z2 + a2
2ar
The Newtonian potential an be ast as
φ = −σe−η/2K(κ)
√
cosh η − cos ξ,
where K(κ) is the omplete ellipti integral of rst kind, κ2 = 1 − e−2η and
σ ≡
√
2M
pia . Then the γ funtion for the Weyl-Bah solution is [2, 11, 14℄,
γ = −σ
2
2
K
[
K
{
1 + κ′2 − κ2 (2 + κ′2) cos ξ
sinh η
}
− 2E
{
1− κ2 cos ξ
sinh η
}]
(12)
where E is the omplete ellipti integral of seond kind and κ′ = e−η. For the
atual omputations of the funtion γ this formula is not partiularly interesting.
We found more onvenient its evaluation by diret integration of equation (3)
using Gauss quadrature methods for hosen integration paths. The ontour of
the funtion (12) is shown in Fig. 5.
In Fig. 6 we display time-like geodesis of test partiles moving in the grav-
itational eld of Weyl-Bah ring. The initial onditions are (r, z) = (2, 0) with
initial veloity only in the z diretion determined by the values of E shown in
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Figure 6: Geodesis in Weyl-Bah ring solution with initial onditions (r, z) =
(2, 0), r˙ = 0 and some values of E with a = 1 = σ.
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the graphi and L = 0. For low values of E, we have a lear repulsion at the
beginning of the trajetories. The repulsion happens a little later for higher
values of E. The geodesi with E = 3 seems to suer only attration. Therefore
we have a separatrix loser to this value of E.
These geodesis have interesting asymptoti behavior. They approah the
ring from inside its interior at very high values of the proper time, that is, the
Weyl-Bah ring has a diretional singularity and the partile hits the ring only
at innite proper time. This behavior seems to be generi.
The behavior of these geodesis is haraterized by the following two features:
a) All these geodesis are asymptotially `radial'. That is, there is a privileged
diretions around the ring, pointing to a diretional singularity of the Riemann
tensor similar to the singularity of the Chazy-Curson metri [6℄. The urvature
salar invariants w1 =
1
8CabcdC
abcd
and w2 =
1
16C
cd
abC
ef
cdC
ab
ef , where C
abcd
is
the Weyl tensor have dierent limits when one approahes the singularity from
dierent diretions [6℄. Both invariants blow without bound when the limit is
taken from the interior of the ring and approah zero from up or down diretions.
b) We have the `freezing' of the motion in Weyl oordinates. The numerial
omputation of these geodesis for very high values of proper time indiates
that they will reah the singularity at an innite proper time.
In Fig. 7 we plot geodesis initially at (r, z) = (2, 0), with E = 1, initial
veloity with no omponent in the r diretion, and L = 1, 25, 50, 75, and 100.
All the geodesis nish in the ring by its inner disk at innite proper time.
Finally, in Fig. 8 we present ve trajetories of test partiles initially at rest at
(r, z) = (1, 1), (2, 1), (2, 0.01), and (2,−0.5). The geodesi that starts at (2, 0.01)
suers a very strong repulsion. Again, all the geodesis fall in the ring exatly
as the previous ase.
It is lear the struture of the inner part of the ring is non trivial. Any
geodesi approahing the inner part of the ring has either innite proper time
or innite proper length. One an ompute a proper distane to the ring of a
9
Figure 7: Geodesis in the Weyl-Bah ring solution starting at (r, z) = (2, 0)
with E = 1 and several values of L.
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Figure 8: Geodesis of Weyl-Bah ring solution starting at rest from (r, z) =
(1, 1), (2, 1), (2.00, 0.01), (2.0,−0.5). All the geodesis reah the ring singularity
from the inner disk.
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urve in the (r, z) plane, in whih the ring is at (a, 0):∣∣∣∣∣∣∣
(a,0)∫
(r,z)
eγ−φ
√
dr2 + dz2
∣∣∣∣∣∣∣ . (13)
Let us show that it diverges aording to the dierent diretions of the ap-
proah using the toroidal oordinates (η, ξ) toroidal oordinates. As η → ∞
and ξ ∈ (pi2 , 3pi2 ) the approah is from inside. Using the asymptoti of the Ellip-
ti funtions one an show that
lim
(r,z)→(a,0)
(γ − φ) = − lim
η→∞
[(
M
api
)2
cosh η cos ξ
]
.
Thus the ring is at nite distane when approahed from outside (in whih
cos ξ ≥ 0) beause the integrand goes to zero, whereas it is at innite distane
when approahed from inside (in whih cos ξ < 0) beause the integrand di-
verges. Therefore a xed physial distane to the ring means greater (smaller)
oordinate distane in the diretions where limΣ→0(γ−φ) is small (large). Hene,
the partiles should appear repelled (attrated) in the diretions from where
the ring is physially nearby (far away). This agrees with what an really be
seen in the gures.
6 Disussion
We investigated the gravitation indued by a ring both in the Newtonian and
in General Relativity dynamis of test partiles. Although related, the spae-
time assoiated to the Newtonian potential of a ring has quite distint features.
We have learned that line soures [3℄ in General Relativity exhibits diretional
singularities and the results above for the Weyl-Bah ring give expliit example
of them.
Furthermore, the Weyl oordinates have the tendeny to ompat a whole
region into a singularity, This is the ase for the Shwarzshild solution in whih
the event horizon and the physial singularity (with the topology of S2×R and
R respetively) are displayed in Weyl onformal oordinates as a single world
nite line segment (I × R where I ⊂ R is a line segment).
And we nd very interesting that the inner side of the ring is very attrative
but is not aessible for partile geodesis beause it is too far away. The test
partiles approah the singularity in a privileged way: They arrive along radial
diretions of the ring inner disk. We presented geodesis whih take an innite
amount of proper time to hit the ring. This happens also in the extreme ase
of the Reissner-Nordstrom solution. The physial distane to the event horizon
is innite.
The geodesis display gravitational eld with apparent repulsive regions.
This an be either a oordinate eet as pointed out above or may indiate the
presene of very high tensions in the ring. Probably both.
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The apparition of tensions in the Weyl solutions is a known fat [6℄. The
imposition of a stati geometry and the Einstein's equation reates some devies
like strings, struts, membranes, et. to support an otherwise dynamial ong-
uration. In the present ase we have some kind of strong hoop tension along
the ring. As we know the spaetime is sensitive to both density and pressure or
tension while in the Newtonian gravitation the density of the soure sues for
the gravitational potential.
So far, there are few self-gravitating ring solutions of Einstein's equations
[13℄. The reader should be autious about rings solutions in the literature [9,
10, 7, 6℄. Some have misprints, others have misinterpretation (see Appendix A).
Nevertheless they are very interesting.
In this paper we show some interesting behavior of test partiles about a
ring alone. We think the understanding of the gravitation of the ring itself is
useful for ongurations in whih the ring is an important part.
We thank FAPESP and CNPq for nanial support and Eduardo Gueron
for the ritial reading.
A. Rings Problems in the Literature
In 1887 a very simple solution of Poisson equation whih is singular at a ring
was published [9℄. And indeed it was interpreted as a ring-like onguration of
matter. This interpretation is present, at least, in two important books [15, 16℄.
Based on that, Letelier and Oliveira [7℄ developed a series of new potentials with
singularities at the ring and were misinterpreted as generated by rings. Moreover
they were able to get a Weyl lass of new solutions for Einstein equations in
vauum with axial symmetry. Nevertheless, as Gleiser and Pullin [10℄ orretly
showed, Appell solution is not just a ring. Atually there is a surfae mass
density in the plane of the ring. Let us ompute it beause this is the soure of
another mistake aused by a misprint.
The Appell potential is
φ = − M√
r2 + (z −A)2
where r and z are standard ylindrial oordinates and the onstants M and A
may take omplex values. Physial potential is the real part of φ. We promptly
see the singularity at r = a, z = 0 if A = ia, that is, it is singular at the ring.
Nevertheless the z derivative is not null at z = 0. Atually there is a jump
aross this plane:
lim
z→0
[φ,z] = −2MA
(
r2 +A2
)− 3
2 .
If one takes the real part of the potential with A = ia, where a and M are
positive real onstants one gets the surfae mass density:
σ =
{
−4Ma (a2 − r2)− 32 for r < a.
0 for r > a.
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In [10℄ the power is misprinted as − 12 . It happens that there is a known disk
with suh a surfae mass density, in the lass of the so alled Morgan & Morgan
family [17℄ of disks in General Relativity.
This mistake lead us into another misinterpreted result. If both disks had
the same surfae mass density one ould subtrat one from the other leaving
just the ring [6℄. But Appell disk (si) and Morgan & Morgan disk do not have
the same surfae mass density!
Of ourse, looking bak, one ould not have more than one ring as solution
of Laplae equation with axial symmetry. There exist several theorems prov-
ing the existene and uniqueness of solution of the Laplae equation. For an
innitesimal ring with axial symmetry, there is no possibility of other solution
but the onstant linear mass density. And the Weyl solution linked to the po-
tential is also unique. This is the ring of the main part of this paper with the
orresponding Weyl Bah solution spaetime.
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